For the technical and allocative efficiency evaluation of smart grid, this paper has proposed two methods. One is based on Data Envelopment Analysis and another is based on Stochastic Frontier Model. Among them, the former considered the dynamics of smart grid development and development dynamics is the influence parameter. The latter analyzed self-duality between the Cobb-Douglas production function and cost function; then, it deduced the smart grid resources optimization allocative efficiency evaluation model which can avoid price information needs of input factor in conventional allocative efficiency evaluation. The validity and rationality of the two methods are verified by a case study.
Introduction
In process of its construction, the advanced technology is the key factor for the development of the grid in the intelligent direction [1] . The impact of the assessment technology is significant for the smart grid. From the point of technological progress and technical efficiency, analysis of this effect is the main research idea at home and abroad [2] . In economic management science, the technical efficiency is the ability of maximum output under the fixed input factors of the production unit [3] . Technological progress indicates the contribution of technology to economic growth and is reflected as the effect of production units.
In network analysis of technical progress, people have proposed the intelligent technique evaluation method with Cobb-Douglas production function which reflects the level of intelligent power grid development through contribution degree of computing technology to economic benefits [4] . Data Envelopment Analysis (DEA) has been used to evaluate the technical efficiency and scale efficiency of the power network [5] . Some scholars also use DEA to evaluate the technical efficiency of the hydroelectric power enterprise or transmission and distribution system [6, 7] .
One of the overall planning objectives for smart grid is to achieve a large range of resource optimization allocation [8] . As an important platform for optimizing the energy resources, the smart grid resource that optimizes allocation ability can be evaluated by allocative efficiency, which can also reflect the construction effect of optimizing asset. Allocative efficiency refers to the ability to rationally configure various factors of production when the input elements' price information and technical level are fixed. However, in studies of evaluating the allocative efficiency, most scholars take the cost function as the theoretical basis and take the price information of the input elements as the precondition, which restricts the effective evaluation for allocative efficiency [9] [10] [11] .
Although the smart grid is in the phase of overall construction, the price information of input element is often difficult to get in assessment of technical efficiency. Therefore, according to the analysis of self-dual characteristic between the Cobb-Douglas production function and cost function, this paper has proposed the smart grid efficiency evaluation method based on Data Envelopment Analysis and Stochastic Frontier Model, then compared the two models and verified their usefulness according to the calculation results.
Efficiency Assessment Model

Data Envelopment Evaluation
Model. Data envelopment evaluation model is performed to evaluate the efficiency [12] . This model considers the development of smart grid in time continuity through its improvement. That is, the construction effect of smart grid at the end of the last time should be the initial condition of the next time, so the model of management efficiency assessment is dynamic. At the same time, it takes into account the relationships between different attributes, that is; the benefit of building an attribute can be construction investment of another attribute. The objective function of the data envelopment evaluation model is as follows:
In this formula, is the value of input indicator under the attribute of decision element in years;
is the value of output indicator under the attribute of decision element in years;
− is the slack variable of input indicator under the attribute of decision element in years; + is the slack variable of output indicator under the attribute of decision element in years. The constraints are shown below:
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In this formula, ( ,ℎ) is correlation value of decision element from the attribute to attribute ℎ in time slot. , +1 is influence value of decision element in attribute from years to + 1 years. Through the optimization of the model, the parameters are set as follows:
From this, the efficiency of each decision element can be calculated as follows:
Among them, the attribute efficiency values of decisionmaking unit DMU are as follows: Figure 1 . The technology efficiency is a relative concept, which can be understood as the ratio of the actual return output and the maximum output of the smart grid in the case of the given input elements [14] . In Figure 1 , the curve OR represents the output front or the maximum output. When the benefits of the smart grid are at the point of B, which is relative to the C points on the front face, the smart grid technology efficiency is defined as AB/AC. When technology advances, the OR becomes OR . If earning remains B point, the technical efficiency will be reduced to AB/ AD. Logarithmic form of Cobb-Douglas production function used in this paper is as follows:
In these formulas, is actual output of power grid enterprise in period . and are input quantity and labor number of power grid enterprise in period . V is the random error of power grid enterprise in period . refers to technology rather than efficiency. and are elasticity coefficients.
The technical efficiency of grid enterprise is defined as
Among them, refers to the largest output of the stochastic frontier of grid enterprise . The function form is
Formula (7) is technical efficiency function based on the Stochastic Frontier Model. Compared with technical efficiency solution model established by DEA, the technical efficiency calculation method in this paper is only related to . is satisfied with nonnegative truncated normal distribution, which can be obtained by statistical analysis of sample data. To obtain technical efficiency need establish DEA optimization model. Although it is not necessary to analyze the sample data, the solving process is often restricted by the dimension. The bigger the solution, the smaller the chance to obtain the feasible solution.
Improving the utilization of assets and the operating efficiency is the main characteristic of smart grid. At the same time, high efficiency is the core value of the smart grid for research institutions and power companies at home and abroad. From the point of scientific research, the allocative efficiency of quantitative evaluation for smart grid can not only reflect the grid optimization allocation of resources but also reflect the benefits of efficiency.
Combining production function and cost function is one of the theoretical tools to realize allocative efficiency evaluation. The Cobb-Douglas cost function [15] , which has the stochastic frontier characteristic, can be defined as
In this formula, is the total cost of power company in period.
is the price of input element of power company in period.
is the input element of power company in period, and it only takes or . expresses input element category.
From formula (9), it can be seen that if the application cost function can be used to evaluate the intelligent power grid, price information of input elements is the primary condition. For the power grid enterprise, the investment in the smart grid and equipment device belong to the management of financial, organization, and other departments. Taking into account the complexity or other questions, accessing price information is not easy. Therefore, it is necessary to explore a new method to accurately evaluate the efficiency of the smart grid resource and energy optimization allocation.
In order to avoid the requirement for the input factor price, according to the inherent duality between production function and cost function, the optimization model can be established with formula (9): min s.t.
= ( , ) .
The objective function in the type (10) is the minimum cost. Constraint conditions indicate production conditions that should satisfy Cobb-Douglas production function. The conditional extreme problem can be solved by the following process:
The optimal solution satisfies the following conditions:
In Cobb-Douglas production function, investment elements are investment cost and labor force. It can be obtained by (12):
Among them, production function is the index of (1) on both sides:
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The ratio of the upper and lower equations in formula (13) is
From formulas (15) and (13), can be eliminated. We can get
From formula (13) , it can be got that
Then, from formulas (16) and (17), ( ) −1 can be eliminated. We can get
can be got similarly. The cost function expressed in form (15) can be written as
According to the general form of the cost function in CobbDouglas type, we can see cost efficiency is the index term in cost function. Therefore, cost efficiency is
The relationship among technical efficiency, cost efficiency, and allocative efficiency is
Then, from formulas (20) and (21), allocative efficiency can be expressed:
From formula (22), we can see allocative efficiency can be obtained by technical efficiency and elastic coefficient and . Demands of input factor prices can be avoided.
Parameter Estimation
For Cobb-Douglas production function with stochastic frontier characteristic, in the realization of technology efficiency and allocative efficiency evaluation, parameters to be estimated are elastic coefficients ( and ) and random disturbance ( ).
Based on the observation data of input and output in smart grid, this paper estimates the parameter through least squares which is based on minimum squared residuals [16] .
The model test is determined by statistical theory. The purpose is to evaluate the correctness and reliability of model in the process of setting and estimating parameters [17] . For the multivariate linear regression model, significance test of regression coefficient is necessary, and it is also important to test the goodness of fit and significance of regression equation.
(1) Goodness of Fit ( 2 ). 2 describes the percentage of input factor to output in logarithmic form. 2 is a quantitative index for sample observation and goodness of fit of regression model. The bigger 2 is, the better the goodness of fit is. The fitting index of the total regression model in the period is
In this formula,̂is regression value of ; refers to total number of species of ; ∑ =1 (ln̂) 2 expresses regression sum of squares referred to RS; ∑ =1 2 expresses residual sum of squares referred to ES, which can be obtained by least squares method.
(2) Hypothesis Testing of Related Constraints. In order to test the economic return of scale in construction of smart grid, it can use hypothesis testing of constraints to identify the applicability of production function, which is to judge the linear equality constraint: + = 1. The constraint can be checked by the following test method:
(1) Set assumptions: null hypothesis: 0 : + = 1 (restraint); optional hypothesis: 1 :
(2) Under the condition of 0 , the statistics is 
Example Simulation
According to the evaluation index system of smart grid with high efficiency characteristic (to optimize asset utilization efficiency and power network operation efficiency) by EPRI, we can select appropriate economic indicators as input and output cells for evaluation model combined with development strategy of smart grid in China [18] [19] [20] . Table 1 takes 15 power companies as assessment objects and collects section data in the same period. All of the data come from Transportation Monitoring Center of State Grid Corporation of China. Figure 2 shows input quantity distribution of each company.
Some data is taken as the reference data set, including inputs 1, 2, 3, 4, and 5 and output of 1, 2, and 3; then, following regression results will be got though software package SPSS Statistics. The regression equation could be explained: is error term of power company in period. The result of goodness of fit is close to 1. Additionally, considering Std. and -test statistic, it shows fitting model coefficient saliency is good. What is more, the sum of elasticity coefficient is estimated to be more than 1, so it can be seen that the current smart grid construction belongs to type of increasing returns to scale. If capital investment and enterprise labor number become times, the output will be greater than times. This can also be verified by hypothesis testing of the following constraints: 
value is 38.62 by calculating. When given a significant level of 0.05, 0.05 (1, 12) = 4.75. Because of > 0.05 (1, 12) , 0 is refused.
Basic Situation Analysis.
Through regression analysis and the test of parameter and model, the efficiency assessment function of smart grid based on Stochastic Frontier Model is obtained. Substituting reference data into this model can obtain technical efficiency and allocative efficiency index values of each company, as shown in Table 2 and in Figure 3 .
Results are obtained by SFM method in Table 2 and in Figure 3 . From the result, it is obvious that technical efficiency for companies 6, 8, and 10 is high and for companies 7, 11, and 12 is low. Through the DEA method, there are the same results. Therefore, comparing the results through the method in this paper with DEA method can obtain the same results. But the approach of data processing is different, so the resulting data value of technology efficiency is different. In addition, efficiency evaluation value of DEA usually has 100% valid conclusions, such as companies 8 and 10. Because the Stochastic Frontier Model has considered nonefficiency item in management and error term, it has no extreme evaluation value. When technical efficiency in one company is close to another, this method can reflect the difference, but DEA method often draws the conclusion that two things are equal.
Calculation results of the allocative efficiency show that power companies 6, 8, and 10 have higher technical efficiency, and companies 7, 11, and 12 are lower. The result shows that the distribution law is similar to the technical efficiency, and high technical efficiency can also lead to high allocative efficiency. However, index value among power companies has big difference. For example, the eighth power company has a strong resource optimization allocation in the smart grid construction, while companies 7, 11, are 12 are weak. As a whole, these companies have high technical efficiency and low allocative efficiency (means are 0.745 and 0.618). This shows that the smart grid can get higher yield with advanced technology in particular year, but it is still in the lower level in optimization allocation of resources.
Multiple Scenarios Analysis.
Sensitivity analysis on efficiency evaluation model was conducted. Data includes input variable 6-Total installed capacity (104 Kw); input variable 7-Electricity (108 Kwh); input variable 8-Unit power distribution cost (yuan/103 Kwh). The following scene is assumed: Scene 1 is a set of basic data; Scene 2 is a set of basic data and new input variable 6; Scene 3 is a set of basic data and all new input variables; Scene 4 is a set of basic data and new input variables 7 and 8. New variable data collection is shown in Table 3 , and the contrast of new investment for each company is expressed in Figure 4 .
According to the stochastic frontier analysis model, results of technical and allocative efficiency with different scenarios are shown in Tables 4 and 5 and Figures 5 and 6 .
In order to compare the allocation efficiency of different provinces under different situations, the allocation efficiency of four scenarios is sorted, and results are shown in Table 6 .
From the results of technical efficiency and allocative efficiency, we can see that the efficiency is approved through new input variable. The results show that the advanced technology and management mechanism make the full use of technology and capital, and the efficiency level of power companies is effectively improved. From Table 6 , it shows that allocative efficiency in Zhejiang, Beijing, and Shanghai is the best. Considering new input variables, allocative efficiency of the three regions is still ranked in the top three. Secondly, without thinking of new variables, the allocative efficiency of Jiangxi is superior to the Hebei, but thinking of any new variables, allocative efficiency of Hebei is superior to the Jiangxi, which suggests that Hebei has better implementation effect than Jiangxi in transmission and distribution costs.
Conclusion
This paper has proposed a new method for evaluating technical and allocative efficiency of smart grid based on 8 Mathematical Problems in Engineering In the establishment of efficiency assessment model, it can reflect the technology production capacity and optimal allocation ability for resources of smart grid. The following main conclusions are obtained by example simulation:
(1) By establishing the efficiency assessment model of smart grid based on the stochastic frontier function, the effect of input-output relationship on efficiency is analyzed under random factors.
(2) Technical efficiency reflects the ability to get the maximum return with fixed investment. The same numerical distribution law can be obtained with the method in this paper. (3) Allocation efficiency reflects the overall capability of optimizing the allocation of resources. The proposed allocation efficiency model can avoid the requirement of the cost function for the price information and provide a reference for smart grid to evaluate resources optimization ability.
(4) Results were greatly different with different input variable, which shows the proposed allocation efficiency can be adjusted according to the actual need.
(5) Results of contrasting allocative efficiency in 15 regions showed that the efficiency of Zhejiang, Shanghai, and Beijing is much better than others, and it can have the same conclusion considering new variables. F u j i a n
